ABSTRACT Purpose: To demonstrate that relatively simple third-order theory can provide a framework which shows how peripheral refraction can be manipulated by altering the forms of spectacle lenses.
INTRODUCTION
There is considerable interest in preventing, arresting or slowing myopia progression in children. One way of achieving this may be by producing a peripheral refraction which is relatively myopic. This idea arose from the work of Hoogerheide et al. who found that young, emmetropic pilots who had peripheral hypermetropia tended to develop myopia, while those who had peripheral myopia tended to stay emmetropic 1 . There is experimental evidence in monkeys that the peripheral refraction can drive the development of myopia and that myopic peripheral refractions slow growth of young eyes [2] [3] [4] .
The refractive treatments of orthokeratology and laser refractive surgery will produce peripheral myopic refractions for myopes [5] [6] [7] [8] [9] . Spectacle and contact lenses can also be designed to achieve this 10 , and recently patents for "anti-myopia" lenses have appeared [11] [12] [13] [14] [15] . These involve extensions of treatments which have been previously applied to the reading portion of bifocal or progressive addition lenses, eg [16] [17] [18] , to provide additional positive power in the lens periphery. Some studies have shown reductions in eye growth and lower rates in myopia progression with orthokeratology 19, 20 and specially-designed spectacle 21 and contact lenses 22 .
The purpose of this paper is not to the discuss the merits or success of the introduction of relative peripheral myopic refraction in preventing, arresting or slowing myopia progression, but to provide a framework to explain how peripheral refraction can be manipulated by altering the forms of spectacle lenses. The approach relies on relatively simple, third-order theory to determine off-axis power errors of thin spectacle lenses [23] [24] [25] [26] . The assumption that negative lenses for myopic correction are thin is reasonable, as their central thicknesses are usually less than 2.0mm. The third-order theory is based on tracing paraxial chief rays passing through an "effective stop", and applying the Coddington tangential and
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sagittal refraction equations about these chief rays. Binomial expansions are applied to sines and cosines and surface curvatures in terms of surface heights and distances, and terms greater than the second-order in height are disregarded. It will be shown that, although thirdorder theory does not always lead to results which agree precisely with those obtained by finite ray-tracing, it provides valuable insights into the general problems of manipulating peripheral refraction with spectacle lenses, and a firm foundation for more detailed analysis of specific situations.
BASIC THIRD-ORDER EQUATIONS
This section shows equations that can be used for eliminating or minimizing thirdorder oblique astigmatism and mean oblique error of thin spectacle lenses separate from the eye, except for the eye providing the effective stop position. Figure1 shows the setups for third-order raytracing with respect to foveal vision of the rotating eye and peripheral vision of the stationary eye.
General Equations
The third-order theory sagittal and tangential image vergences S' and T' of thin lenses with conicoidal surfaces are given by
where y is the height of the off-axis chief ray, L is the on-axis object vergence, K is lens power, and P and M are given by 23 Page 5
(2a)
Here n is lens refractive index, K 2 is back surface power, L 2 ' is the inverse of the distance from the lens to the effective stop, and Q 1 and Q 2 are front and back surface asphericities (Q 1 = Q 2 = 0 for a lens with spherical surfaces) where lens surface sagitta are described in terms of asphericity Q, height and vertex curvature c by
Sagittal and tangential power errors are given by
Oblique astigmatism OA is given by
which from equations (2) is
Mean oblique error (MOE) is given by
Solutions for spherical lenses
Solutions for the back-surface powers that eliminate OA and MOE are given by equating the right-hand sides of equations (5b) and (6b) to zero and setting Q 1 and Q 2 to be zero. This gives quadratic solutions in back surface power K 2 of the form
where a is the combination of terms in , b is the combination of terms in , and c is the combination of other terms in the right hand sides of either equation (5b) or (6b). Limits for the powers over which OA or MOE can be eliminated are found by equating the discriminant in equation (7) to zero, ie 4 0. This in turn leads to solutions to power limits over which OA or MOE may be eliminated given by
where a' is the combination of terms in , b' is the combination of terms in K, and c' is the combination of other terms. For OA 
For completion, the solutions that minimize OA and MOE outside the power limits given by equation (8) are found by equating the derivatives of equations (5b) and (6b) in K 2 to zero.
This gives, for OA (11) and for MOE (12)
Solutions for Aspheric Lenses
When lenses are aspheric as conicoids (i.e. Q 1 and Q 2 are non-zero), the equations (5b) and (6b) are cubic in K 2 , which means that lens forms can always be found that eliminate OA and MOE with one to three solutions in K 2 for any power K and combination of surface asphericities. Other possible forms of rotationally-symmetric surface which might be produced by freeform technology will not be considered here.
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EFFECT OF DISTANCE BETWEEN THE LENS AND EFFECTIVE STOP ON POWER ERRORS
Third-order solutions for the elimination of OA and MOE, also sometimes referred to as point-focal and Percival forms 24 respectively, are shown in 
ACCURACY OF THIRD-ORDER THEORY WITH NEGATIVE LENSES FOR THE STATIONARY EYE
This section is included to show the limitations of the third-order theory with respect to design of spectacle lenses. As an alternate or addition to altering the surface powers, the surface asphericities may be manipulated. An example of this is shown in Figure 5 , where the back surface power of a -4 D lens is only -6 D, and an asphericity Q 2 -9 has been applied to the back surface to correct oblique astigmatism. Again the S and T power errors are small for peripheral vision, but the errors are very high for foveal vision eg S' = 1.3 D, T' = +3.6 D at 35 rotation.
MODIFYING EQUATIONS TO OBTAIN SOLUTIONS THAT INCLUDE THE EYE
The off-axis power errors of lenses for the rotating eye and foveal vision can be considered in isolation from the eye, apart from the eye providing the effective stop.
However, the power errors in peripheral vision cannot be considered in isolation from the and an on-axis correction of K, the relative spherical equivalent refraction M (K) and the peripheral (crossed-cylinder) astigmatism J 180(K) for the study were given by
Here ' is in degrees. Converting to radians gives
The peripheral refractions for the combined lens and eye are given by
The first negative sign in each of these equations is required because the power errors of the lens need to be reversed to give a refraction. [For the vertical meridian, different constants
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would be used for equations (13) and (14) and the first signs in equations (15) For a spherical lens, the solutions for K 2 in equation (7) in order to correct J 180 or M need to be modified. The coefficients a, b and c as given in equation (6b) become, replacing ' from equations (13) and (14) by , for OA . .
and for MOE . .
(18)
PERIPHERAL REFRACTION SOLUTIONS INCLUDING THE EYE
There are no solutions for M when equations (14) It is, however, difficult for most people to accurately fixate a succession of objects at different field positions through head movements alone, so that the full benefits of solutions such as that illustrated in Figure 6 , where the peripheral errors of the eye are compensated by those of the lens, may be difficult to achieve. Presbyopes must adapt to progressive-addition lenses by relying on head movements more than without the lenses, but it remains to be seen whether children who are at risk of developing myopia can similarly adapt to lenses for the correction of peripheral vision or will find such spectacles unacceptably restrictive (see last paragraph).
The variations that occur in practice in the vertex distance at which the lenses are worn (i.e.
in the value of L 2 ') and in the lens refractive index will have some impact on the effects produced by different corrections.
With these caveats, this study has derived and presented third-order equations that This study is limited to the use of third-order theory. As already mentioned this does not give the same solutions as a finite raytrace, with the errors becoming larger as the
Page 15
peripheral angle increases (Figure 3) . Nevertheless, the third-order solutions provide a useful framework for showing how the oblique astigmatism and mean oblique error associated with peripheral vision are affected by the lens-design parameters of surface power and asphericity.
The approach here compares the peripheral power errors with the peripheral refraction of the uncorrected eye. This is not quite the same as refracting from the eye to object space, which is analogous to measuring with a refracting instrument while subjects wear spectacle 
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The work here suggests that it might be worthwhile to correct power errors of the rotating eye out to some acceptable angle, after which the emphasis could be on correcting peripheral relative hypermetropia. While eye turns up to 45 are possible, most people prefer to limit eye turn to around 20 29 , although there are considerable variations between individuals. Often this will require lenses which are more sophisticated in design than conicoids, particularly for near-emmetropes and low myopes. These are perhaps the main target groups of an "anti-myopia" lens treatment, for which manipulation of K 2 and Q will have little effect on peripheral refraction.
APPENDIX. PERIPHERAL REFRACTIONS FOR A THIRD-ORDER BACKWARDS RAYTRACE THROUGH A THIN LENS
The Coddington's equations for oblique refraction at a surface are (A1)
where s and s′ are the distances along the principal ray of the object and image sagittal foci relative to a surface, t and t′ are similar distances for the tangential foci,  and ′ are object and image relative indices of the surface, c s and c t are the sagittal and tangential curvatures of the surface at its intersection with the principal ray, and I and I′ are the angles of incidence and refraction of the principal ray at the surface.
These equations can be applied to a lens of refractive index n in air. At the first surface  is replaced by 1 and ′ is replaced by n, and at the second surface  is replaced by n and ′ is replaced by 1. For sagittal refraction this gives (A3)
As the lens is thin, n/s 1 ′ = n/s 2 . Adding equations (A3) and (A4) and rearranging gives 
where
for which K is the lens power, K 2 is the back surface power and L 2 ′ is the inverse of the distance of the back surface to the effective stop. Furthermore the sagittal and tangential surface curvatures can be approximated to
Using the right hand expressions in equations (A9) to (A12), as substitutions for the left hand expressions in these equations, in equations (A5) and (A8), and ignoring terms in y greater than the second power, gives, eventually,
where ( 
In equations (A13) and (A14), S′ and T′ in the horizontal meridian are given by the peripheral refractions for the unaided eye such that
Page 20 where spherical equivalent refraction M (K) and astigmatism J 180(K) are functions of the onaxis refraction K according to equations (13) and (14) 
The peripheral refraction in terms of spherical equivalent M and astigmatism J 180 is
Figure captions 
